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INTRODUCTION

The analysis of oscillations and vibrations is usually reduced to the problem of a non-linear
oscillator, subjected to external periodic influence (perturbation). With the development of perturbation
methods, two main directions have formed: canonical (Hamiltonian) methods and non-canonical (non-
Hamiltonian) methods.

The development of these two main directions as well as an overview of the principa methods of
analysis of perturbed nonlinear oscillator are givenin [1].

The present work compares the results obtained by different perturbation methods. It is shown that
the solutions using action-angle variables (obtained through canonical transformations) and those obtained
using Kuzmak’s method produce equivalent results.

GENERATING SOLUTION
Consider a generalized non-linear oscillator described by the following system of equations:

at P70
@ dp dx
" —+f(x,T)= Fv(a,x,t,T)
where 0< u << 1 isasmall parameter, T is secondary scaling /slow time/,
T=T,+uT, T,=const, dT/dt=u
Let uF, depend on t primarily through the phase /quick/ variable, such that:
dy(t) dre)
) it I't) e =0(n)
/the latter meansthat (1/ ¢ )(77(t)/ dt) islimited in the neighborhood of 4 =0/
In (2) I"isthe circular frequency of externa influence, 2z / I"(t) isthe period of externa influence.
We are looking for a solution of (1), synchronous with the external influence, i.e. with »(t) which
has circular frequency:

3) Q(t)=%F(t) mn=123.., 920_

q oW

The period of the generating solution in the non-autonomous regime is:

OI’( )_

Q(t)

The following substitution is made: —dY(t) Q) = ———. The frequency of the oscillations in

dt 1‘[0r (t)
2n
I (AO)

the autonomous regime is w(A,T) = where E = const is an integration constant and T1(E,T) isthe

corresponding oscillation period.
That yields for the non-autonomous regime/in the presence of synchronizing influence/:
dv T(E )
(4) E = Q(t) = Z:a(E T )(D(E T )’ 1_Ior (t) = E_,




1, intheabsenceof frequency lock -on

where &= 9, in the presenceof frequency lock - on
0]

We represent the frequency Q in an asymptotic series.

5)  Qt)=Qu(T)+pIQT )+ Wyt T )]+ [T ) +W, (t.T )] +...
This means that:

() =¥ )+ (n),

EELT)=E(ET)+I (n)
(6)
) = I (A,0)
& (E.T)
Let’s now consider the generating solution in non-autonomous regime by making the substitution:
(7 u=0, T=T =const, E(T)=const, Q=const

Then Q=Q (T) =¢&,(E,T)w(E, T) = const and the solution of the system (1) is sought to be in the form:
X=Xy, E,t+t,,T]=x,[E,t+t,)E,T)T]
(8)

p=pgEt+1,,T]=p,[E.(t+t,)4ET)T]
where x, and p, are solutions of the system /1/ in the autonomous case [1].

+1 (n)

E = Elp2 +V(X,T) , VXT)= jf(x',T Ydx' isthe potential energy.
0

The functions /8/ satisfy the generating system when condition (7) is satisfied, i.e.

dx

EZ&(E,T)IO

9
(©) dp
E = _&(E ’T )f(X ’T )
A new integration constant A isintroduced: t, = A/Q). Then
Y+A=(t+t)o(ET)=(t+t)Q.
We introduce the new functions:

¥Y+A

X.E,¥Y+AT]=x,[E, T]

(10) ¥Y+A

pc[E’\P+A’T]:pd [EvT’T]

From (4), (9) and (10) follows the system of equations:
anC(E,‘P+A,T) _EET)p, =0
(¥ +A)
Qapc(E,\P+A,T)
(¥ +A)
or, equivalently:

(11) Yor{g} + {‘ ;pc} 0

+&ETI(x.,T)=0



where:

HEF+AT) K EFTAT)] [XEFHAT) &
~ E SF+A) | OE Q™

(12 Yor(Ew+AT)= D(EF+AT) DEFAT) || PEFTAT) & o
E oW+ A) A +A) Q

and det Yor = —% (the condition for the applicability of the perturbation method is: Yor #0,00).

PERTURBING IN ENERGY-ANGLE VARIABLES

Below we solve the perturbed equation (1) applying the method of varying coefficients. we assume
E = E(t) and A=A(t). We seek a solution of the form:

X=X [E(t), P(t) + At), T]
p=p[E(), ¥ () +At),T]
From here and (11) it follows:
IR &,
dt | _ dt or
dp |~ Yor dA |4 &,
— Q(t)+—
L dt _ dt Zl
Substituting in (1) and taking into account (11) gives:
[ dE I X,
@yl THar e
- R
| dt | T
where from (12) it follows:
F(x.,T) P_
Y '=| 0 d(E#+AT) 0 & (E¥+AT)
¢ cE 4 °E
The system of equations (13) can be written in the form:
Z—f =uG, (E,¥Y+ALT,n)
(14 dA £-1
E = MGS(E,\P-FA,t,T,M)—TQ
We seek a soluti on having the asymptotic form (5) and (6) and also:
(15 A=A ©)+nELT)+U T+ WEL(T)+U, (T )]+
(16) A=A O)+pA(T) +U (T + R [AT) +U (T )]+
The conditionisthat U, and U, , k=1,2,3,... should not contain secular terms, i.e.:
0 0 _
a7 <Eu'k (t,T )>t =0, <5U5k(t T )>t =0, k=123,...,

where () means average with respect to timet.
Substituting (15) and (16) in (14) we expand in series with respect to x . Infront of "' we get:



dE,(T) , QU(LT) _

Grl
dT ot
dA ) UT) o 181,
daT ot u &

On the right-hand side appear E,(T), W, (T), A(T), Q,(T), &I[E,(T),T]. Averaging with
respect to timet and taking into account (17) gives:

dE,
dT _<G1">t
(18) d 1 1
i: <G3|S>t e Q

dT no&

In addition to these equations expression (4) should also be considered. Then U,; and U, can be
found in analogy with the asynchronous case, described in [1]. Synchronization or frequency lock-on will be

dA,

observed when condition F =0 issatisfied from which it follows that:

(19) (G,), ——1‘20—_190 =0

From equations (4), (18) and (19) wefind E_, A,,< .
Eventually, theinitial approximation (18) is determined to have the form:

() &, .

dt/,|_ -1 _'udT lE=-1

(20) <dA> = YOr o al 55 ,
dt/, Hoar ~H

where all theinitial approximations have been substituted in.
PERTURBATION IN ACTION-ANGLE VARIABLES

We will first determine the generating system of Hamilton’s canonical equations. The corresponding
Hamiltonian has the form :

E :Ka(X,p,T):KC[H(X,p,T),T]

H
where K (H,T) = .[g(H',T )JH'". Theintegral istaken at T = const. Here:
0

(21) H=H(pT)= % pP’+V(xT)=E,

£(H,T) isthe corresponding detuning in the presence of synchronizing influence.
The canonical system of Hamilton’s equations has the form:
dx _ oK, (x,p,T) _ 9K (H,T)H(x,p,T)

dt op oH op =E(ETp
?Tf: _aKa(ax,p,T) _KHT)HODT) e i)
X oH OoX

We look for a generating function W, (x,J,T) such that the new momentum E isaconstant, which
we denote by J,i.e. J= E . The new coordinate ¥ = X represents angle. Then:
_OW,(x,J.T) W oW, (x,J,T)

22
(22) OX 0J



The new Hamiltonian k coincides with the old Hamiltonian k(J,%,T)=K(x, p,T). The period
with respect to ¥ must be: P, = 2z . Then, from Hamilton’s canonical equations it follows that:

N OKI,¥,T)

const
A _&J
W
D_OK_o g 1
A oV 2r J X

The circular frequency in the generating system is adso determined as

?j—f] =0, T)=¢E0.T)o.(I,T), where o,(J,T) isthe circular frequency in the autonomous system at

u=0,&(J,T)=¢EEQ,T)T]. Theoscillation period in the generating system is respectively:

2n 1 (ET)
QIT) &@T)
Tanking into account (21) and (22) gives:

I,0.T)= , Where TI(E, T) is the autonomous system period.

W, (x,J.T)= J_r]‘\/ZE - V(x' T )dx'

T o)
Y= c
J(;J_r\/ZE - N(X'T)
We now express x, p through the variables J, ¥
X=X,Y+AT)=x.EQ.T)Y+AT]

dx'= Q.t +const

(23)
p=pJ,¥Y+AT)=p. EQT)¥Y+AT]
The generating system is then represented as:

dx

E = ac(‘] 'T)p

dp _
pral & (I TH(X.T)
dvy

— =007
pralal tACHD)

0 -
or in the following matrix form: Zor LQ } + ch (‘fp_tr )} =0,
X,

X (J,Y+AT) ox,(J,¥Y+AT)
oJ AV +A)
op(J,Y+AT) op,(J,¥Y+AT)
8J (Y +A)
and det Zor — —1 (the condition for applicability of the perturbation method in thiscaseis ZOr #0,0).

We now solve the perturbed system of equations (1). The perturbation is non-Hamiltonian. For this
reason we approach it with the averaging method. We try to find a solution by varying the constants (23):

where Zop (3, ¥ +AT) =

o w o]
dt -7 dt o
24 = +
(24) dp or o (t)+d—A 1 &,
it ° dt] | |



Substituting (24) in (1) we get:
dJ 28
al_z1 o e
(25) dA|” Tor| & R

f Cc
Gt —,uﬁ+,qu | Se

where:
é—c f(x;,T) 5—0 Py
Z']-: Qc Qc

or Dy 2

L A a ]
The system of equations (25) can be written in the form:
dJ

ot =pG,(J,¥Y+ALtT,un)

(26) q
dA =uG, (J ,‘I’+A,t,T,u)—%Q

C

We nowiteek an asymptotic expansion:
QT )= (T )+ ul 2y (T)+W(t,T)] + [ 2,(T )+ Wy (t,T)] +..
IT)= 3 (T )+ [ I (T)+Uys (8T + 27 [ Io(T)+Uyo (8T + ..
AT)=A(T)+ul AT)+U o (6T + [ A(T)+Uo (8T)] +..
$c(J,T)=&(J,T)+0(p)

whereU,, (t,T), U, (t,T), k=1,2,3, ... do not contain secular terms, i.e.

o 8 _
<EUW T )>t =0, <EUWk T )>t =0,k=1,23,...

We substitute (27) into (26) and expand in a series with respect to the powers of u. We average with
respect to timet. In front of x* we get:

C

(27)

dJ,

dT _<Gv>t
dA, _ _ 16, -1
ar =Gl 0

Thenwefind U,,, and U, , etc.
dA,

We get frequency lock-on or synchronization when a1 =0.

Finally, we obtain the following system of equations:

dl
ot~ &)
_15-15 0
(28) G no&

& —0.m=to,

Equations (28) determine J,, A,,&,.
The initial approximation has the form:




9 o] 2 1

dt/o | _[ 71| “Har e -1

(29) < d_A> = Z o o, o 52 o, |
it/ | p ot HF, c

COMPARISON WITH KUZMAK'SMETHOD IN MATRIX FORM

Above, in the consideration of a synchronous non-linear oscillation when using the non-canonical
/non-Hamiltonian/ perturbation method in energy-angle variables as well as when using the canonical
approach in action-angle variables, we assumed the detuning & in the system to be a known function. Here,
on the contrary, & will initially be considered as an independent variable and any definite substitutions will
only be made at alater stage.

We again consider a generating system in the form (9) where &=const is for now an independent
parameter.

The solution of (9) is represented in the form:

X =X, [E.(t +1,)E.T]
(30)
p=p.E.{t+t)5T]

We introduce an angle variable ¥ and the integration constant o according to the expressions:

te ¥ o % \where o(E,T)=—2=
w(E,T) w(E,T) I1(E,T)

Is the circular frequency in the generating

1 0
solution, TI(E, T) istheperiodintimet. Let 6 = ¥ + o and N -

0 ¢
We introduce the matrix Eg :E[E,(t +1,)E,T] such that it satisfies:

X E(+L)ET] X, [E(t+1,)ET]

— oE ot +t,)
(31) = N -
9 P E X +t,)ET]  Op,[E.(t +t,)ET]
OE ot +t,)
We will work with the functions:
_ 03
Xb(E,G@T)—Xa[E,O)(E’T),T]
_ 0S
pb(E!eéiT)_pa[E!w(E’T)iT]
Let:
X, [E.0ET] 0%, [E,0ET]
Y -YE,o0T)= oE aA0%)
9 op, [E,0E,T] op, [E,0E,T ]
O (08)

From (9), taking (30) into account, we obtain the following variational equation:

(32) a_at(EgN )+sBE,N)-o



0 -1

where B = o (xT)
OX
Apart from this, the quantity (31) can be represented also in the from:

(33) Eg N :Yg HNJ[1--1,)Q],

1 0

0 0

where H [ ], Q=[8InH(E,T) 0]

0 o O0E

We now solve the system of equations (1). It is expressed in the following equivalent form:
dx

P &p =(1-E)p

(34) g
o T ET) = P (- T
We seek asolution in the form:

X =X, [E(T),¥Y(T)+AT)T]+uU,(ET)
(35)

P =P, [EM),¥(T)+AT)T]+nU,(tT)

wheret, = g and also:

4O _ o) gELT)= 2

(36) dt oET)

In this way we initially found ="and only then considered the constant period functions x,, p, .
Having /35/ as a basis to stand on we can write:

o LE IR

(37) dt =Y dr + U 4 + U a‘+,u2 a,
do| 9, A | T a o
dt dT T

U T
where we have introduced the notation: U at,T)= U .
a2 ’

We look for a solution by representation with an asymptotic series:

P(t) =W (t)+ u P (t)+ 1, (1) +...

Q,(1)=2(T)+u[ 2(T)+ oy, (t,T)] + [ 2,(T)+,(t,T)] +...
AT)= A (U)+uA(T)+p AT )+ .

E(T)=E (t)+uE(T)+u’Ey(T)+...

S(ELT)=S(ET)+0(u)

,uUa(t,T):,uU (t,T)+y2U2(t,T)+

U )
U o)
From (9) and (35) it follows:

where Uk(t,T)_{ }, k=123,...



0 &Py
(39) YQLJ Lgf(xb T)} 0

Substituting /37/ in /34/ and taking into consideration /38/ we get:

A, dE Ky
or b
[ +§BUa]+uYg da | T4 o, =u{F} &- )L( .. T)}O(uz)
dar T

Developing in aseriesin the powersof 1, k=1,2,3, ... weget in front of " :
(39) aua(tT) &BUe(tT)—O . 8=123,..
where (I)k:|:q)kl} k=123,..

(DkZ
In particular, in front of 1" we get:
oU.tT) A
1
(40) - +eBU1)=0,
where
dE (I') Xy
T & -D| P
(41) CD yg dA, (T) + _5pb+F + P [f(Xb,T)}
dr or Y

The solution of (39) and, in particular of (40), is sought by variation of the constants.

Let:
(42) Use)=Eg NV,

V, .tT
where V (t,T)= kl( ) .
k Vi,

aVA t ,T — - =
Taking into account (32) from (39) it follows: %t( ) = ( “:‘g N) 10 8
and, taking into account (33),

t -1 1 _1a
(43) VA tT)=Va(oT)+ [+, QIN H ]Yg ]Oédt'
Below, for brevit; theindex “k” is om?tted. From (43) it follows that:
(44) V ¢m)= Vé(o,T)+f[1+(t'+to)Q]{§[Kl+ D(Tx']}dt’
é 0

where K, and D(T) have been introduced through the relations:

-1 -1, -1
j N THTTY =K [¥(t),T]+Dnt,

D(M) = <N T 1©>
g t
t K, [¥(0)T]1=0

Integrating (44) by parts we obtain:



2
V, t,T)=V, (0, T)+[1+(t+ to)Q]{K 1[&"(t),T] + D(T)t}_Q K 2[50('[) ,T] +L (r)prD(-;)t

where L(T) = <K1>t .

t

JKl[‘P(t'),T]dt'sz[LP(t),T]+L(Tx at K,[¥(0)T]=0.
0

Substituting in (42) and taking into account (33) as well asthe fact that Q =0, we get:

Ut.T)= Yg HIN{- Q[Z)t : +FQV(01)+ D) - QLm)It + [(1-t, Q)V(0T) + K- QKZ]}
The matrix function U will be periodic with respect to t under the condition that QD:O and
D)= QL)1+ V(0,T)] for the satisfaction of which it is sufficient to do the substitution:
(45),(46) D=0, V(0,T)] =-L(T).
Then we get:
U(t,T)= YgHN[Kl—QKZ +(1-t,Q)V(0,T)]

The condition (45) is equivalent to:

-1 " R
(47) <Yg @) 5 >t =0, e=123,..
and, in particular, to the first order (x*). When k=1, from (41) and (47) it follows that:
<dAi (O)> 1 OX,, 0
do /, HodT
48 = - .
“8) <dAT(C‘))> 9| opy . Q.(& -1
dO ¢ dT v t Héc

In thisway we eventually obtained the system of equations (36), (46) and (47).
CONCLUSION

The analysis of the results obtained above leads to the important conclusion that: first, the initia
approximation (29) obtained in action-angle variablesis equivalent to the initial approximation (20) obtained
in energy-angle variables; and, second, the equations obtained by Kuzmak’s method are equivalent in first
approximation / 1*/ to the corresponding equations obtained by the non-canonical perturbation approach in
energy-angle variables /see equations (48) and (20)/. The obtained results support the idea, particularly in the
context of the analysis of a non-linear oscillator under external synchronizing influence, that the non-
canonical /non-Hamiltonian/ and the canonical /Hamiltonian/ methods do not differ in principle. We must
note at this point that, in the theory of nonlinear oscillations, a number of other methods exist that are not,
even in first approximation, absolutely equivalent to the three methods presented above.
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Abstract. The term “Synchronous action” here encompasses all cases of frequency lock-on,
frequency multiplication and division, phenomena of synchronization at commensurable frequencies. A non-
canonical /non-Hamiltonian/ perturbation approach is presented for the study of non-linear oscillator under
external synchronous action in “energy-angle” variables. The iteration constants of the initial solution are
introduced to be the new variables. By applying consistently the method of canonical transformations and
multiplying functions, a canonical approach in “action-angle” variables for analysis of the same system
under similar conditions is developed. Both approaches are characterized by the transition, in the very
beginning, to functions with constant period, and only then the necessary functional matrices are introduced.
The same problem is studied on the basis of a version of Kuzmak’s method developed in a matrix form, for
the case when, in the very beginning of the study, the system detuning is regarded to be an independent
parameter. The conclusion is formed, on the basis of the performed analysis, that the equations and the first
approximation of the respective solutions when using the three basic approaches mentioned above are equal
to each other. In particular, this conclusion is a contribution to the idea that there is no principa difference
between the non-canonical /non-Hamiltonian/ and the canonical /Hamiltonian/ methods. However, attention
is drawn to the fact that some of the other existing analytical methods developed in the frames of the Theory
of Non-linear Oscillations could not give, even in the first approximation, a complete coincidence with the
solution obtained using the three approaches mentioned above.
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